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CALCULATION OF THE FORCE AND MOMENT OF FORCES ACTING ON e DROP IN AN
ARBITRARY NON-STEADY FLOW OF A VISCOUS FLUID

N,V. PARSHIKOVA

The Oseen point force method /1-3/ which differs from the methods used
earlier in similar problems, is used to obtain formulas for the force
and moment of forces acting on a spherical drop in an inhomogenecus non-
steady flow of viscous incompressible fluid. In special cases the results
can be reduced to well-known results.

Earlier, the non-steady motion of a rigid particle in an inhomo-
geneous non-steadv flow was considered in /4, 5/, its rotation in /6, 7/,
the conditions of slippage at the surface in /5, 7/, and the effect of
the specified external forces in /8, 9/. The corresponding stationary
problem was studied in /10, 11/ and the non-steadv motion of a drop in
uniform non-steady flow in /12-—14/.

1. Formulation of the problem. A liquid sphere of viscosity W', density p’ and
constant radius a, moves with velocity u(¢) through an incompressible medium of viscosity
W and dgnsity p. The problem is studied in the Stokes approximation, i.e. we consider the
following linear, non-steady equations of motion of the fluid outside and inside the drop:
*prikl.Matem.Mekhan.,50,5,772-779,1986
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POV /[0t = — Vp -+ pAv +1{,, divv=0 (1.1
ooV /ot =—Vp' -+ WAV 4 £/, divv'=0 (1.2)
When there is no particles, the fluid has a velocity V. (r, {) and a pressure P (v, 1),

which also satisfy the system of Eqgs.(1l.1).
The conditions satisfied at the drop surface are the conditions that no fluid passes

across the surface of contact and that the tangential components of the velocity are equal to
the tangential components of the viscous stress tensor

p= Un' =Up, V= Vs Pmr= p;n: (13)
The following conditions hold away from the particle and at its centre:
r—oo, vV—Vo—0, p—p.—0; r=0 |v|s5%, p*x

Let us introduce the dimensionless variables by dividing the radius vector, the time,
velocity, pressure and the given external force by the quantities a, a®v, v/a, pv/a?, pv/a® (p = p.v)
respectively.

In the outer problem we can eliminate the given force f, (r, ) by subtracting the equations
fOr Va, Do from (1.1). We will assume that for the inner problem §,/ = V¢ (e.g. the force of
gravity), and this can then be included in the pressure. Since the deviation of the drop
shape from spherical (i.e. the conditions for p,,) were not considered, it follows that the
boundary conditions in this case remain unchanged.

As a result, we obtain the following equations and boundary conditions in terms of the
dimensionless variables W = V — Va, § = D — Pooy V', P

ow/ot = — Vg + Aw, divw =0 (1.4)

oB29v'[ot = — Vp' ++ oAvV', divv' =0 (1.5)

r=1, w4 van=1"=u,, Wi+ Vaor=V, (1.6)
qnt + Pocnt == Pnt’

r—>oo, w0, g—0 1.7)

r=0, |v |s o0, p'# (1.8)

The system of Eqs.(1.4) and (1.5), which contains two dimensionless parameters ¢ and B*
equal to the ratios of the dynamic and kinematic coefficients inside and outside the drop
respectively, together with conditions (1.6)-(1.8), enables us to determine the velocity and
pressure field outside and inside the drop.

2. Constructing the solutions. wWe shall use the Laplace transform with parameter
s, with respect to the argument of time t. Here the equations of motion take the form

sW = —VQ + AW, divWw =0 (2.1)

0B %Y = — VP' 4 ¢AV’, divV =0 (2.2)

r=1, W,+4Van= Vai=Upn Wi+ Vo= v, (2.3)
Qm + Peon‘t= P;n-

r—-o, W0, Q0 (2.4)

r=20, |V |s£ 00, P' 5= 00 (2.5)

Following the Oseen point force method /1, 2/, we shall construct the solutions of the
above system of equations with help of the fundamental teénsor u,; and vector p;

D

a
Ui = 6kiA(1) —_ -Eka—zl N Pr—= WL (S(-D — A(D)

The function @ is a solution of the equation
AAD — sAD =58 (r), ®=(1—e V") (dnsr)t
In this case, when k is fixed the quantities u;; and p; satisfy the equations
suy = — Vpy -+ Awg, divu,=0

The solutions Filuy and Filpy (F! is a constant vector) correspond to the flow generated
by a point force situated at the origin of coordinates. Clearlv, any order derivatives with
respect to the coordinations of w; and p; will be solutions of system (2.1). 1In particular,
we can say this of the quantities vy, gx

Upi = Auy; = 8 AAD — 92AD/0z0z;, qu==Apr =0 (r>1)

In order to satisfy the boundary conditions, we shall construct the outer solution of
problem (2,1)-(2.5) with help of the derivatives with respect to the coordinates of the
quantities Uy, Uki and py. Collecting the terms accompanying AD and separating in the corresponding
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tensors the symmetric and antisymmetric parts, we obtain expressions for the velocity and
pressure field, which in vector notation will be

W =AAMD — V(A V)AD + [V X L]AD — V (F. V)t (2.6)
0=F9 (%)
The components of the vectors F and L are linear differential operators of the form

o0
. 5(71—1) gtn=1
F'= F,(n;.) I3z oz, L —_——ee
Z‘ 7 oz fx . . Z IJ’t 4 dxbay ... 0z

=1

We can express the vector A in the same manner, We will show below that the boundary
conditions at the sphere hold, if the tensors F®,L®™ and A® are symmetrical over any
pair of indices and the contractions over any two indices are equal to zero. The solution
(2.6) represents another form of the general Lamb solution /15/. This can be shown by
assuming that qugntities of the form f, = Ag;’_)“y.- z;Z;. .. &y are spherical volume harmonics of
degree n, since they are homogeneous with respect to " and Af, = 0.

Indeed, we can write the solution (2.6) in the form

B

W= {[sn“\b”_l( 1=, NV AL oz oz — @.7
n=1
Py (N Vr D Jaa oz — o (Dot [r (L) 2z, 2)]

o a(") 1] 1
4 F’"i-nl 0z, 8z....0x (4mr } ZFM A 9z, dzx,.. .0z ( 4ar
k75 1 kK77F 14

The function W, (r) = (r1d/d»A® satisfies the relations

ap 2(n+1) Wy 2n 41 [
g — b, =0, 7 V=77 Yot — Vauy

For example, we have

() =20 = 4nr e, (r) = 4nr3
Y, (r) = %ﬂe~ﬁr

The functions ¥, (r) are proportional to Bessel functions of fractional order /16/.
Remembering also that the tensors FOY, LW, A® are symmetrical over any pair of indices and
their contractions over two indices are equal to zero, i.e. that quantities of the form fa=

Al k Zizj . ..ZTx are spherical volume harmonics of degree n, we can establish a correspondence
between the solution (2.6) and the general Lamb solution /15/.
The solution of system (2.2) inside the drop, constructed in the same manner, has the

form
V’:——V(S-V)A(b’ - SAAD + [V X T]A(D’ -+

A2y ( E, l.rxj...z,j), —0 }_, H(") ; .z

n=1
ad 41

a(n-—-l)
E é(”) S Ti § T(") —
- ]- c.. 0z

n=1L n=1

Here the tensors S®), T™ and R®™ are symmetrical over any pair of indices, and their
contractions over two indices are equal to zero. The function @' represents the solution of

the equation

’

v

AAD — WA =0, @ =2 e o G:%, pr=2

r N

bounded at the point r =20,
We can establish, for the inner solution, a correspondence with the general Lamb solution,

just as we did for the outer solution. Below, we shall make use of the stress vector, which
can be found using the formula

an_Qn.L(_aar_—ri)W—;-—i—V(r-W)= (2.8)

i
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Z (2 (k - 2) 1Y (ber+-1FE) imany g —
F=1

8 (b anan gy n— (k) (B — 1) e (r) +
rig,q ()] rot [r (L?}',)“,xix,-. )] -
(kY T[22 — 2 + sy (1) — 272y ] V(AL ;.. 2p) +
[2 (& + 2) $ua () — sy (N (A iz,z5. . . ) ),
by = (— 1" (2k — Y/hns

We can write the boundarvy conditions (2.3) in the form /10/
W, V=V, =U,, 0W,/0r 4 0V on/0r =3V, jor (2.9)
(v-rot W) 4 (r-rot Vo) = (r-rot V’),(r-rot Q,) + (r-rotPwy,) == (r-rot P,')
(r+rot [t X Qu]) - (£-Fot [t X Pan]) = (r-rot [rx P,’])

We will represent the prescribed velocity field V4 (r, s) in the form of a Taylor series

. S g om0 (i _ gy o
U= 2 i ) — E (I
Vo!i—U'= =T [ 7%, oa 05, o:c]. Ty = di3) pgi. .« TpTy
n=1

n=1

The zero index means that the corresponding quantity is taken at the centre of the drop
when the latter is not there.

We can expand the field V.
spherical harmonics as follows:

at the drop surface r =1 in terms of the independent

Ven—Up= /.«21 dif) Lqming. . npng= 5211 Ay (2.10)

6Vmﬂ,
ar

(k - 1) dfﬁ’;.’..]:qninj P npn,q= Z Bk
=

e

i

1
— (eorot [v X Pon]) = 2 (b — 1) [2 (k + i snin;. . ony —
k=2
(e —2)dS) min;.. . n)]= kzl Ex
(eorot Vo) = 3 (k — 2) ey dii).. qnittp .« o g= ) Cy
k=2 k=1

(eorot Pon) = 3 (k — 2) (b — 1) eigdify. qittye . g = ) Dy
=2 k=1

The quantities Ay, By, Ex, Cy, Dy represent spherical surface harmonics of degree k. When
k = 1 , the quantities can be easily calculated and used later in determining the force and the
moment of forces acting on the drop. For example, we have for A4,, B,
ke 3
, ) [(A™Y _lonm;
— e UYns - PR A B
A=V —Unit 3) CEL3) (%0
i ==1
3 \ [Akvwi]""i
Bi= AZ T 3) (% + Dk D)
=
The boundary conditions (2.9) are reduced here to
(2.14)

(b + D)0 FS ining . omy+ (k- DAY nang. oy 4= Ay =0
kR;gk)mm] P (71 -f— A2 (k -+ '1,‘ I){Sﬁ??_,;nin; o= 0
(k + 1) {— (k + 2)bFiD 1nin; .. .oy +
[ — D) - Weal A e o n) 4 By = k(k — DARRS inny .. ony -
(k + 1) [Wiws + (B — D015 anns ..oy

2byk (k 4 2) FS) nin;. .o ong + (b + DL E, +

22 —1) 8]y — 29 YA aniny .. ny=6 {2k (k — Y A2RS) ins .. omy -

[(2R2 =2 -2y, — 2141] S%;'?,_lninj Loong)
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(b -+ DYL ming .oy Co=(k + D)9/ TE min; ...y
(b + ) [(k — 1) b5 + ) L arin . . my + D=
o (k= O)[(k— D)9, + o] 78 imins .oy

where
Y= (i (b=t W' = ((7/dr)" AD'
R (") . R(A) (/f;’: 1), R;(l) :R(il) __ Ui

The functions W (r) satisfy relations analogous to the equations for ¥y ().
The solutions of the system of Eqs.(2.11) are as follows:

Ag?i.l”i”;‘ weeny={(k + 2) [2hPiy — 0 (2Ps1 — APy)] Ay — (2.12)
P By — 0 (2950 — A2y) By} (sxa) ™

S(" iy o= {(k +2)[2 (& — 1) Py - 9] Ar —
Vi By + (w,, — 25) By s

F ;.. — (WA im0 A, B

R,i(i’:‘-)lnlnj ce == (k + 1) k™ 1?»21Pk'5(i',5_)_,;ninj R )

L ming .o o= {0'Dy — o [(E— 1) ¢ + Piear] Ox) G5

T8 gy = (0, Dx — o [(k — 1)y, -+ Pea] Ci} o7

1 ) = (& + 1) [0 @Pisr — M) Yoy -+ Biewr (b — 2im)]

¢ () =F+D{o[E—1 v + Piaa] W — [(F — 1) W, - iy ] 9,7

As we have already said, the quantities Ay, By, Ck, Dy, Ex are known, independent spherical
surface harmonics of degree k, expressed in terms of the given field V., by the formulas
(2,10). They are easily computed for k = 1, and appear in the expressions for the force and
moment. of forces which are found from the surface integrals containing the stress tensor (2.8)
and depending, by virtue of the orthogonal nature of the harmonics, only on the vectors Fl
and L! shown in the solutions (2.12).

3. Formulas for the force and moment of forces. The quantities shown are related
to the vectors F! and L! which correspond toapoint force and point moment and are determined
from Egs. (2.11) by the relations

G (5) = F (5) -+ amsU (5) — | F (v, 5) dr
M@ =33 +3V5 +5) e 7L s [rx Voldr —{[r x Fy] dr
Here the integration is carried out over the volume of the unit sphere. Using the inverse

Laplace transform, we finally obtain the following expressions for the force g (f) and moment
of forces m{(t) acting on the drop in non-uniform non-steady flow:

¢
g{t)=2n ;_;_'—1" ([va]o—u)-i-6 § dtly(t—T1) % ([vaJo —u) +

2 a 4 d ,
Tﬂ-;,—(lhlu—“) —f‘—d,—[vv]O*r

% 3542(1— *
L(zk+1)| {2" s+1 B (8" valo 2k+3 dt [A%elo +
b= 1

63d [(1—k) Iy (¢ —7) +k12(t—r)]——[A"vm]o} —-Sf (v, t)ydr

0

m () =5 { d175(¢ 1) 7 [roL velo + 5= ¥ = [rot vao +

0
o

k a_ 4 3
Z"k+3)(2k ){ 2tk [rot Ao + g5 g [FOt AVaclo +

5 dr [Ta (t— 1) - 2kl4 (t — )] o [rot Ay Jo} — 5 [6 % f,]de

0;

The Laplace transforms of the functions [; () are, respectively, ns?'K;(s)(i =1, 2, 3, 4)
and
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Ky (s)=E(s) [ox (A) + B ()] — (30 +2) (30 + 3),
Ka(s)=oa(M)E(s) —o (o + 1)t
Ks()=(3+3Vs+0(6), Ki@s)=(1+ Vs5)8(s)

Ee) =1+ Vs)[ox() + B+ VsBMIE

8(s)=orB M) [A A+ VHBAN) +B+3Vs+svW)]?
¥ (My=hchA—shA, B(A)==shhi—3y(A)/A3

aM) =y} —28()

When the particle is rigid, we obtain

Ia(t)=n( —elerfc YT +

Vi

11(t)=12(t)= ‘/t_,

I4(t)=ﬂ

and in the case of a bubble we have, as o¢— 0,

v):

I, (t) = %5 met*erfc BY1), I, (t) = I, () =1,(t) =0

These two special cases agree with the results obtained in /4-9/. When o0 =B =1, we
can write the following analytic expressions for I4(¢), I, (¢):

L=YE (1260 — 6t + 1 — (1202 4 6t + 1) exp( =l

2Yt
I (t)= n[f/t_’:_:__ zV_]g -+ ~;—— %—exp (—- xi) ——;—erfc (l/—%)]

For other values of the parameters ¢ and B the quantities I; (f) are determined numerially.
The results of the computations are shown in Figs.l-6. Curves 1-6 correspond to values of
the parameters B? equal to 0.001; 0.01; 0.1; 1; 10; 100.

For short times, the following asymptotic formulas hold:

___sya . st42B? 35--2 _ | 2B[3sB% +B)—(c_"B)1“/m
Il(t)_(c+31|/7 TR T AL TE 1)“ (s F B3
__oVn 5(s—2B) s . 6B (B LBs--2 o Y
L= (s+B)Y7 RCE = (3 - B +
ns 4¢ 13
Is(t)= ;g*’w P 0= BY e L= ;g 5B(B+— Vo
I \12%\
oe=01
A\ 2\ —_—1
J
s\ \ 2
YAAYEA

0 —
1072 10! 1 t 197 102 10+ ' t
Fig.2
'IL g '\ l
i X\ - \ \xN\
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Fig.5 Fig.6
As t-» o , the functions I;{f)} tend to
It _ (43P Yn 2435 25 . 2-h35 ] Va
1()—9(1+a)2 Vi 54(14-5)3[73* TEF s

5(2+33) Y n 5 %+“+'°+%}fw+
TAFor 7 18(1+s}8{?m S Esy] a0 T

Let)= 2 Yy

OB "y

I, {ty=

[+
L) = gp
The ends of the curves inFigs.1-6 are described by the asymptotic formulas with an error
not exceeding 10—15%

The author thankg A.M. Golovin for formulating the problem and discussing the results.
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